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CREPANT RESOLUTION CONJECTURE IN ALL GENERA FOR
TYPE A SINGULARITIES
JIAN ZHOU
Abstract. We prove an all genera version of the Crepant Resolution Conjec-
ture of Ruan and Bryan-Graber for type A surface singularities. We are based
on a method that explicitly computes Hurwitz-Hodge integrals described in an
earlier paper and some recent results by Liu-Xu for some intersection numbers
on the Deligne-Mumford moduli spaces. We also generalize our results to some
three-dimensional orbifolds.
1. Introduction
Let X be an orbifold with coarse moduli space X and let pi : Y → X be a
crepant resolution. Under the general principle often referred to as the McKay cor-
respondence in the mathematical literature (suggested also by work in string theory
literature on orbifolds, e.g. [17]), it is expected that invariants of Y coincides with
suitably defined orbifold invariants of X . See e.g. Reid [34] for an exposition of
some examples of classical invariants, e.g. Euler numbers, cohmomology groups,
K-theory and derived categories, etc. People are also interested in quantum invari-
ants such as Gromov-Witten invariants and expect a quantum McKay correspon-
dence. Gromov-Witten invariants of smooth varieties have been developed for quite
some time. Orbifold Gromov-Witten invariants have been developed more recently
for symplectic orbifolds by Chen-Ruan [14] and for Deligne-Mumford stacks by
Abramovich-Graber-Vistoli [1]. Genus zero (orbifold) Gromov-Witten invariants
can be used to define (orbifold) quantum cohomology. A long standing conjecture
of Ruan [35] states that the small orbifold quantum cohomology of X is related
to the small quantum cohomology of Y after analytic continuation and suitable
change of variables. This version of quantum McKay correspondence is referred
to as the Crepant Resolution Conjecture (CRC). Recently, Bryan and Graber [8]
conjectured the explicit formula for the change of variables in CRC for X = [V/G],
where V = C2 or C3, G ⊂ SU(2) or SO(3) is a finite subgroup (the binary poly-
hedral group or the polyhedral group), and pi : Y → V/G is the canonical crepant
resolution by G-Hilbert schemes G − Hilb(V ) (see e.g. [5]). In these cases, both
the orbifold and its crepant resolution are noncompact, but both admit natural
C∗-actions, and one can define and work with equivariant Gromov-Witten and orb-
ifold Gromov-Witten invariants respectively. By [5], there is a canonical basis for
H∗C∗(Y ) indexed by R ∈ Irr(G), irreducible representations of G; on the other hand,
there is a canonical basis of H∗C∗,orb([V/G]) indexed by [[g]] ∈ Conj(G), conjugacy
classes of G. Denote the corresponding cohomological variables by {yR}R∈Irr(G) and
{x[[g]]}[[g]]∈Conj(G) respectively. Let y0 and x0 be the variables corresponding to the
trivial representation and the trivial conjugacy classes respectively. The conjecture
stated in [8] (attributed to Bryan and Gholampour) is
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Conjecture 1. In the case of pi : G−Hilb(V )→ V/G, where G is a polyhedral or
binary polyhedral group, the Crepant Resolution Conjecture holds with the change
of variables given by
y0 = x0,
yR =
1
|G|
∑
g∈G
√
χV (g)− dim V χR(g)x[[g]],
qR = exp
(
2pii dimR
|G|
)
,
where R runs over the nontrivial irreducible representations of G.
By the classical McKay correspondence [31, 20, 5], the geometry of G−Hilb(V )
gives rise to a Dynkin diagram of ADE type, and hence a simply-laced root system.
Denote by α1, . . . , αn the simple roots. For a positive root β ∈ R+, let β =
∑
k bkαk.
Let
∑
k nkαk be the largest root. Bryan-Gholampour [6] reformulate the above
conjecture as follows:
Conjecture 2. Let FX (x1, . . . , xn) denote the C∗-equivariant genus 0 orbifold
Gromov-Witten potential of the orbifold X = [C2/G], where we have set the unit
parameter x0 equal to zero. Let R be the root system associated to G. Then
(1) FX (x1, . . . , xn) = 2t
∑
β∈R+
h(Qβ),
where h(u) is a series with
(2) h′′′(u) = −1
2
tan
(u
2
)
and
(3) Qβ = pi +
n∑
k=1
bk
|G|
(
2pink +
∑
g∈G
√
2− χV (g)χ¯k(g)x[[g]]
)
,
where nk are the coefficient of β and nk are the coefficients of the largest root.
It has been shown in [6] that Conjecture 2 is equivalent to Conjecture 1 in binary
polyhedral case plus an explicit formula for the Gromov-Witten potential function
of G−Hilb(C2). There are a number of earlier results. Ruan’s Crepant Resolution
Conjecture was established for G = Z2 and Z3 by Perroni [33]. Conjecture 2 was
proved for G = Z2 by Bryan-Graber [8], for Z3 by Bryan-Graber-Pandharipande
[9], for Z4 by Bryan-Jiang [10]. The polyhedral version of Conjecture 2 was proved
by Bryan-Gholampour [7] for G = A4 and Z2 × Z2. Conjecture 1 was proved for
G of type A in a version due to Perroni [33] by Coates-Corti-Iritani-Tseng [15] by
mirror symmetry from Givental formalism (see also the related work by Skarke [36]
and Hosono [22]).
Bryan and Graber [8] also conjectured the higher genera version of the Crepant
Resolution Conjecture. See also the recent paper by Coates and Ruan [16] from the
point of view of Givental’s formalism. Maulik [30] has computed the equivariant
Gromov-Witten invariants in all genera of the minimal resolution of C2/G, G ⊂
SU(2). Therefore, to establish the CRC in all genera in the binary polyhedral case,
a key step is to compute the equivariant orbifold Gromov-Witten invariants in all
genera of [C2/G]. In this paper we will carry out the calculations of the stationary
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part of the potential function for G = Zn. It is straightforward to see that our
results match with that of Maulik1.
For k ≥ 0 and 1 ≤ a ≤ n− 1, define
ya,k =
2i
n
n−1∑
b=1
sin
bpi
n
· ξabn xb,kub.
For k ≥ 0, 1 ≤ s ≤ t ≤ n− 1, define
ys→t,k =
t∑
a=s
ya,k.
Our main result is:
Theorem 1. Up to polynomial terms of degree ≤ 3 in ya,k, the stationary potential
function F
[C2/Zn]
g (x1,k, . . . , xn−1,k)k≥0 (defined in §2.6) of the equivariant orbifold
Gromov-Witten invariants of [C2/Zn] is equal to the coefficient of z
g of
(−1)g2t
∞∑
d=1
d2g−3
∑
1≤s≤t≤n−1
(
ξt−s+1n exp
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
))d
after analytic continuations, where ξn = e
2pii/n.
We prove this result by explicit computations of the relevant Hurwitz-Hodge
integrals by the method described in an earlier paper [42]. The idea is to com-
bine Tseng’s GRR relations for Hurwitz-Hodge integrals with the results of Jarvis-
Kimura [23] on ψ¯-integrals, as suggested by Tseng [37]. This follows the strategy
of Faber [18] in the case of ordinary Hodge integrals where he combined Mumford’s
GRR relations [32] with the results on ψ-integrals computed by Witten-Kontsevich
theorem [38, 25]. Another key ingredient is the Hurwitz-Hodge version of Mum-
ford’s relations [32] as established by Bryan-Graber-Pandharipande [9]. This is
used to convert the relevant Hurwitz-Hodge integrals to a simple one which in-
volves only one Chern character of the Hurwitz-Hodge bundles. For other work on
Hurwitz-Hodge integrals, see e.g. [19, 8, 9, 3, 4, 11, 12, 13, 24].
In our computation of the Hurwitz-Hodge integrals we encounter some intersec-
tion numbers on the Deligne-Mumford moduli spaces (see §2.4 and §2.5). They
can be computed using some recent results on the n-point functions of intersection
numbers on Mg,n by Liu-Xu [28]. The formula in §2.5 was first discovered and
checked using Faber’s Maple program [18]. In an earlier version of this paper, it
was stated as a conjecture and was only proved in some low genera cases. The
author thanks Professor Jim Bryan for encouraging him to find a proof. The rest of
the proof of Theorem 1 is of combinatorial nature: We take a seven-fold summation
to arrive at our final answer.
An interesting byproduct is a relationship between Hurwitz-Hodge integrals with
polylogarithm function. In the GRR relations of Mumford and Tseng, Bernoulli
numbers and Bernoulli polynomials evaluated at rational numbers appear respec-
tively. It is well-known that they are the values at negative integers of Riemann
and Hurwitz zeta functions respectively. In the Hurwitz-Hodge integrals case it
turns out that we can rewrite the results in terms of polylogarithm functions.
1 The author thanks Hsian-Hua Tseng for an email correspondence on January 25, 2008 which
informed him this before Maulik’s paper was posted on the arxiv.
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For type D and E binary polyhedral groups, the simplifying trick used in this
paper does not apply: We have to compute integrals against Chern classes, not just
one Chern character. Nevertheless, the method described in [42] for computing
Hurwitz-Hodge integrals can still be applied, but the combinatorics is much more
complicated. We hope to address this in a future work.
In this paper, we also consider the CRC for some 3D orbifolds. It is natural
to consider the orbifolds of the form [C2/G] × C, where G ⊂ SU(2) is a finite
subgroup. One can use some natural circle actions on these orbifolds to define and
study their equivariant orbifold Gromov-Witten invariants by virtual localization
[21]. We study the case of G = Zn in this paper. In §4.1 we specify some circle
actions on the orbifold [C2/Zn]×C used to define the potential function F [C2/Zn]×C
of equivariant orbifold Gromov-Witten invariant of this orbifold.
Theorem 2. Up to polynomial terms in u1, . . . , un−1, we have
(4) F [C
2/Zn]×C(λ;u1, . . . , un−1) =
∑
d≥1
1
4 sin2(dλ)
∑
1≤s≤t≤n−1
(
ξt−s+1n e
vs→t
)d
after analytic continuation, where
vs→t =
t∑
a=s
va, vj =
i
n
n−1∑
k=1
√
2− 2 cos 2kpi
n
ξjkn uk.
On the other hand, one can compute the Gromov-Witten invariants of Ĉ2/Zn×C
by localization using the method of [40], or use the theory of topological vertex
[2, 26]. One can simplify the expreesions by the combinatorial techniques in [41].
Our result is (Theorem 4.2):
(5) F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1) =
∑
1≤a≤b≤n−1
∞∑
d=1
∏b
k=aQ
d
k
d
1
4 sin2(dλ/2)
.
Hence CRC in this case take the following form (Theorem 4.3)
(6) F [C
2/Zn]×C(λ;u1, . . . , un−1) = F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1)
after analytic continuation and change of variables
Qj = ξne
vj .
We make the following
Conjecture 3. For a finite subgroup G ⊂ SU(2), the Crepant Resolution Conjec-
ture takes the following form:
F [C
2/G]×C(λ; {u[[g]]}[[g]] 6=[[1]]) = FG−Hilb(C
2)×C(λ; {QR}R nontrivial)
after analytic continuation, where
QR = exp
(
2pii dimR
|G| + vR
)
,
vR =
1
|G|
∑
g∈G
√
χV (g)− dimV χR(g)u[[g]].
In a forthcoming work, we will study CRC for more general three-dimensional
Calabi-Yau orbifolds.
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2. Equivariant Gromov-Witten Invariant of [C2/Zn]
In this section we define the equivariant Gromov-Witten invariants of [C2/Zn],
and reduce their computations to intersection numbers on the Delgine-Mumford
moduli spaces.
2.1. Definition of the equivariant Gromov-Witten invariants of [C2/Zn].
Because [C2/Zn] is noncompact, we define the Gromov-Witten invariants of [C
2/Zn]
by taking suitable torus action on [C2/Zn] and using the virtual localization [21].
First of all, Zn acts on C
2 by:
ω · (z1, z2) = (ξn · z1, ξ−1n · z2),
where ω is a generator of Zn, and ξn = e
2pii/n. This action has the origin as the
only fixed point, with normal bundle V1 ⊕ V−1, where V±1 are the one-dimensional
representations on which the generator ω of Zn acts by multiplication by ξ
±1
n .
Let C∗ act on C2 by multiplications. The fixed locus of the induced action on
the orbifold [C2/Zn] is a copy of BZn, the classifying stack of Zn. For m ≥ 1 and
a1, . . . , am ∈ {0, 1, . . . , n− 1} such that
(7)
m∑
i=1
ai ≡ 0 (mod n),
denote by Mg,m([C2/Zn];
∐m
i=1[[ω
ai ]]) the moduli space of twisted stable maps to
the orbifold [C2/Zn], with monodromy [[ω
a1 ]], . . . , [[ωam ]] at the m marked points.
Here [[ωk]] denotes the conjugacy class of ωk. See [1] for definitions and nota-
tions. The C∗-action on [C2/Zn] induces a natural C∗-action on the moduli space
Mg,m([C2/Zn];
∐m
i=1[[ω
ai ]]). Its fixed point set can be identified with the mod-
uli space Mg,m(BZn;
∐m
i=1[[ω
ai ]]) of twisted stable maps to BZn, with monodromy
[[ωa1 ]], . . . , [[ωam ]] at the m marked points. Denote by Fi±1 the vector bundle on the
moduli space associated with the one-dimensional representations V±1. The fibers
of Fi±1 at a twisted stable map f : C → BZn is (Hi(C˜,OC˜)⊗V±1)Zn , where C˜ → C
is the admissible cover parameterized by f .
Denote by p the number of ai’s which are equal to zero. It is not hard to see that
when ai > 0 for some i, i.e. p < m, one has F
0
±1 = 0. Therefore, by the dimension
formula in [42, Proposition 4.3], when p < m,
r1 := rank(F
1
1) = g − 1 +
∑m
i=1 ai
n
,(8)
r¯1 := rank(F
1
−1) = g − 1 +
∑m
i=1(n− ai)(1 − δai,0)
n
,(9)
and so
(10) r1 + r¯1 = 2g − 2 +m− p.
In this case, we actually have m−p ≥ 2, and so r1+ r¯1 ≥ 0. If r1+ r¯1 = 0, then one
has g = 0 and m − p = 2. However, if all ai = 0, i.e., p = m, then the situation is
complicated. Note Mg,m(BZn; [[1]]m) has two components: Mdiscg,m (BZn; [[1]]m) and
Mconng,m (BZn; [[1]]m). A point in M
disc
g,m (BZn; [[1]]m) is represented by a disconnected
e´tale Zn-cover C˜ of a stable curve C in Mg,m, consisting of n disjoint copies of
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C. It follows that Hi(C˜,OC˜) ⊗ V±1 is isomorphic to Hi(C,OC) (as a trivial Zn
representation) tensored with V±1 and the regular representation of Zn, hence
(Hi(C˜,OC˜)⊗ V±1)Zn ∼= Hi(C,OC).
This means F1±1 are just the pullback of the Hodge bundle by the structure forget-
ting morphism:
Mdiscg,m (BZn; [[1]]m)→Mg,m,
and both F01 and F
0
−1 are isomorphic to the trivial line bundle. On the other
hand, a point in Mconng,m (BZn; [[1]]m) is represented by a connected e´tale Zn-cover
C˜ of a stable curve C in Mg,m. It follows that H0(C˜,OC˜ ⊗ V±1) is isomorphic to
H0(C,OC) (as a trivial Zn representation) tensored with V±1, hence
(H0(C˜,OC˜)⊗ V±1)Zn ∼= V Zn±1 = 0.
This means both F11 and F
1
−1 have rank g−1 by the orbifold Riemann-Roch formula.
Now F01+F
0
−1−F11−F1−1 is the virtual normal bundle ofMg,m(BZn;
∐m
i=1[[ω
ai ]])
inMg,m([C2/Zn];
∐m
i=1[[ω
ai ]]). The torus C∗ acts on vector bundles Fi±1, and their
equivariant top Chern classes are given by their Chern polynomials. Therefore,
using virtual localizatons [21], the equivariant correlators are given by:
〈
m∏
j=1
τkj (e[[ωaj ]])〉[C
2/Zn]
g
=
∫
Mg,m(BZn;
‘
m
i=1[[ω
ai ]])
ct(F
1
1)ct(F
1
−1)
ct(F01)ct(F
0
−1)
·
m∏
j=1
ψ¯
kj
j ,
where k1, . . . , km ≥ 0 such that
∑m
i=1 ki = g + p. We will only consider the case of
m− p > 0. In this case we have m− p ≥ 2 and F01 = F0−1 = 0.
2.2. Manipulations with ct1(F
1
1)ct2(F
1
−1).
Lemma 2.1. The product of the Chern polynomials of F11 and F
1
−1 has the following
expansion:
ct1(F
1
1)ct2(F
1
−1)
=(t1 + t2)(−1)r1−1(r1 + r¯1 − 1)! chr1+r¯1−1(F11) + · · · .
(11)
Proof. Recall the Hurwitz-Hodge bundles satisfy an analogue of Mumford’s rela-
tions [32, 9]:
(12) ct(F
1
1)c−t(F
1
−1) = (−1)r¯1tr1+r¯1 .
In particular,
cr1(F
1
1)cr¯1(F
1
−1) = 0,(13)
cr1−1(F
1
1)cr¯1(F
1
−1) = cr1(F
1
1)cr¯1−1(F
1
−1).(14)
Now we recall the relationship between Newton polynomials and elementary
symmetric polynomials (see e.g. [29]). Denote by ei(u1, . . . , un) the i-th elementary
symmetric function in u1, . . . , un and by
pk(u1, . . . , un) = u
k
1 + · · ·+ ukn
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the k-th Newton symmetric polynomial in u1, . . . , un. Then one has
log
n∑
i=0
tiei(x1, . . . , xn) =
n∑
i=1
log(1 + txi) =
∞∑
k=1
(−1)k−1tk
k
pk(x1, . . . , xn).
Take derivative in t on both sides:
∞∑
k=1
(−t)k−1pk(x1, . . . , xn) =
∑n
i=1 it
i−1ei(x1, . . . , xn)∑n
i=0 t
iei(x1, . . . , xn)
.
Applying this to ci(F
1
1) and k! chk(F
1
1) we get:
∞∑
k=1
(−t)k−1k! chk(F11) =
∑r1
i=1 it
i−1ci(F11)∑r1
j=0 t
jcj(F11)
=
r1∑
i=1
iti−1ci(F11) ·
r¯1∑
j=0
(−t)jcj(F1−1),
where we have used (12) in the last equality, therefore we have
(15) k! chk(F
1
1) =
∑
i+j=k
(−1)i−1ici(F11)cj(F1−1).
In particular, chk(F
1
1) = 0 for k ≥ r1 + r¯1, and combining with (14) we have
(16) (r1 + r¯1 − 1)! chr1+r¯1−1(F11) = (−1)r1−1cr1−1(F11)cr¯1(F1−1).
Therefore,
ct1(F
1
1)ct2(F
1
−1)
= (cr1(F
1
1) + t1cr1−1(F
1
1) + · · ·+ tr11 ) · (cr¯1(F1−1) + t2cr¯1−1(F1−1) + · · ·+ tr¯12 )
= (t1 + t2)cr1−1(F
1
1)cr¯1(F
1
−1) + · · ·
= (t1 + t2)(−1)r1−1(r1 + r¯1 − 1)! chr1+r¯1−1(F11) + · · · .

2.3. Computations of Hurwitz-Hodge integrals. By (11) we have for
∑m
i=1 ki =
g + p,
〈
m∏
j=1
τkj (e[[ωaj ]])〉[C
2/Zn]
g
= (−1)r1−12t(r1 + r¯1 − 1)!
∫
Mg,m(BZn;
‘
m
i=1[[ω
ai ]])
chr1+r¯1−1(F
1
1) ·
m∏
j=1
ψ¯
kj
j .
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The Hurwitz-Hodge integral on the right-hand side can be computed by the method
described in [42]. Write [m] = {1, . . . ,m}. By Tseng’s GRR relations for Hurwitz-
Hodge integrals [37]:
∫
Mg,m(BZn;
‘
i∈[m][[ω
ai ]])
chr1+r¯1−1(F
1
1) ·
m∏
j=1
ψ¯
kj
j
= − Br1+r¯1
(r1 + r¯1)!
∫
Mg,m+1(BZn;
‘
i∈[m][[ω
ai ]],[[1]])
m∏
j=1
ψ¯
kj
j · ψ¯r1+r¯1m+1
+
m∑
j=1
Br1+r¯1(aj/n)
(r1 + r¯1)!
∫
Mg,m(BZn;
‘
i∈[m][[ω
ai ]])
m∏
i=1
ψ¯kii · ψ¯r1+r¯1−1j
− 1
2
∑
g1+g2=g
∑
I
‘
J=[m]
Br1+r¯1(c(aI)/n)
(r1 + r¯1)!
·
r1+r¯1−2∑
l=0
(−1)l
∫
Mg1,|I|+1(BZn;
‘
i∈I [[ω
ai ]],[[ωc(I)]])
∏
i∈I
ψ¯kii · ψ¯r1+r¯1−2−l|I|+1
·n ·
∫
Mg2,|J|+1(BZn;
‘
i∈J [[ω
ai ]],[[ω−c(I)]])
∏
j∈J
ψ¯
kj
j · ψ¯l|J|+1
− 1
2
n−1∑
c=0
Br1+r¯1(c/n)
(r1 + r¯1)!
· n ·
r1+r¯1−2∑
l=0
(−1)l
·
∫
Mg−1,m+2(BZn;
‘
i∈[m][[ω
ai ]],[[ωc]],[[ω−c]])
∏
i∈[m]
ψ¯kii · ψ¯r1+r¯1−2−lm+1 · ψ¯lm+2,
where c(aI) = 0, 1, . . . , n− 1, such that c(aI) ≡ −
∑
i ai (mod n). Now by Jarvis-
Kimura [23],
∫
Mg,m(BZn;
‘
i∈[m][[ω
ai ]])
chr1+r¯1−1(F
1
1) ·
n∏
j=1
ψ¯
kj
j
= n2g−1
(
− Br1+r¯1
(r1 + r¯1)!
〈
m∏
j=1
τkj · τr1+r¯1〉g
+
m∑
j=1
Br1+r¯1(aj/n)
(r1 + r¯1)!
〈
m∏
i=1
τki+δij(r1+r¯1−1)〉g
− 1
2
∑
g1+g2=g,I
‘
J=[m]
2g1+2+|I|>0,2g2−2+|J|>0
Br1+r¯1(c(aI)/n)
(r1 + r¯1)!
·
r1+r¯1−2∑
l=0
(−1)l〈
∏
i∈I
τki · τr1+r¯1−2−l〉g1 · 〈τl ·
∏
j∈J
τkj 〉g2
− 1
2
n−1∑
c=0
Br1+r¯1(c/n)
(r1 + r¯1)!
r1+r¯1−2∑
l=0
(−1)l〈
∏
i∈[m]
τki · τr1+r¯1−2−l · τl〉g−1
)
.
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Here as usual,
〈τa1 · · · τak〉g =
∫
Mg,k
ψa11 · · ·ψakk ,
where 2g−2+k > 0. Because 〈τa1 · · · τak〉g = 0 except for a1+ · · ·+ak = 3g−3+k,
the summation over l in the third term on the right-hand side can be reduced to
the case of l = 3g2 − 2−
∑
j∈J (kj − 1). Hence,∫
Mg,m(BZn;
‘
i∈[m][[ω
ai ]])
chr1+r¯1−1(F
1
1) ·
n∏
j=1
ψ¯
kj
j
= n2g−1
(
− Br1+r¯1
(r1 + r¯1)!
〈
m∏
j=1
τkj · τr1+r¯1〉g
+
m∑
j=1
Br1+r¯1(aj/n)
(r1 + r¯1)!
〈
m∏
i=1
τki+δij(r1+r¯1−1)〉g
− 1
2
∑
g1+g2=g,I
‘
J=[m]
2g1+2+|I|>0,2g2−2+|J|>0
Br1+r¯1(c(aI)/n)
(r1 + r¯1)!
(−1)g2+
P
j∈J (kj−1)
·〈
∏
i∈I
τki · τ3g1−2−Pi∈I (ki−1)〉g1 · 〈τ3g2−2−Pj∈J (kj−1) ·
∏
j∈J
τkj 〉g2
− 1
2
n−1∑
c=0
Br1+r¯1(c/n)
(r1 + r¯1)!
r1+r¯1−2∑
l=0
(−1)l〈
∏
i∈[m]
τki · τr1+r¯1−2−l · τl〉g−1
)
.
Even though the first three terms on the right-hand side look differently, they can
be written in a uniform way if we use the following conventions:
(17) 〈τl〉0 =
{
1, l = −2,
0, otherwise,
and
(18) 〈τkτl〉0 =


(−1)k, l = −k − 1, k ≥ 0,
(−1)l, k = −l− 1, l ≥ 0,
0, otherwise.
To simplify the notations further, we introduce for I
∐
J = [m]:
{
∏
i∈I
τki |
∏
j∈J
τkj}g
= (−1)
P
j∈J kj
∑
g1+g2=g
(−1)g2〈
∏
i∈I
τki · τ3g1−2+|I|−Pi∈I ki〉g1
·〈
∏
j∈J
τkj · τ3g2−2+|J|−Pj∈J kj 〉g2 ,
and
[
∏
i∈[m]
τki ]
K
g−1 =
K∑
l=0
(−1)l〈
∏
i∈[m]
τki · τK−l · τl〉g−1.
Recall r1 + r¯1 = 2g − 2 +m− p. Then we have the following:
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Proposition 2.1. For g ≥ 0:∫
Mg,m(BZn;
‘
i∈[m][[ω
ai ]])
chr1+r¯1−1(F1) ·
n∏
j=1
ψ¯
kj
j
= −1
2
n2g−1
( ∑
I
‘
J=[m]
B2g−2+m−p(c(aI)/n)
(2g − 2 +m− p)! · (−1)
|J|{
∏
i∈I
τki |
∏
j∈J
τkj}g
+
n−1∑
c=0
B2g−2+m−p(c/n)
(2g − 2 +m− p)! [
∏
i∈[m]
τki ]
2g−4+m−p
g−1
)
.
2.4. Results on [
∏
i∈[m] τki ]
2g−4+m−p
g−1 . Recent work of Liu-Xu [28] contains ex-
plicit formula for [
∏
i∈[m] τki ]
2g−4+m−p
g−1 . We are concerned with the case of m−p ≥
2. For m− p = 2, first assume ki > 0 for i = 1, . . . ,m, then we are in the situation
of [28, Theorem 2.1]:
[
∏
i∈[m]
τki ]
2g−2
g−1 =
2g−2∑
l=0
(−1)l〈
∏
i∈[m]
τki · τ2g−2−lτl〉g−1
=
(2g − 3 +m)!
4g−1(2g − 1)! ·
1∏m
i=1(2ki − 1)!!
;
otherwise, by string equation and induction we get:
[τa0
m−a∏
i=1
τki ]
2g−2
g−1 =
2g−2∑
l=0
(−1)l〈τk0
m−a∏
i=1
τki · τ2g−2−lτl〉g−1
=
(2g − 3 +m− a)!
4g−1(2g − 1)! ·
∏a
j=1(2g − 4 +m− a+ 2j)∏m−a
i=1 (2ki − 1)!!
,
where ki > 0 for i = 1, . . . ,m − a. For m − p > 2, we are in the situation of [28,
Theorem 2.3]:
[
∏
i∈[m]
τki ]
2g−4+m−p
g−1 = 0,
where ki ≥ 0 for i = 1, . . . ,m.
2.5. Results on {∏i∈I τki |∏j∈J τkj}g. For p = 0, we have
Proposition 2.2. For g ≥ 0 and k1, . . . , km ≥ 0 such that k1 + · · ·+ km = g, and
I
∐
J = [m], the following identities holds:
(19) {
∏
i∈I
τki |
∏
j∈J
τkj}g =
1
4g
∏m
j=1(2kj + 1)!!
.
Proof. This can be again proved by the recent results of Liu-Xu [28]. Consider the
normalized n-point function:
G(x1, . . . , xn;λ) = exp
(
−
∑n
j=1 x
3
jλ
2
24
)
· F (x1, . . . , xn;λ),
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where
F (x1, . . . , xn;λ) =
∞∑
g=0
λ2g
∑
d1,...,dn≥0P
dj=3g−3+n
〈τd1 · · · τdn〉g
n∏
j=1
x
dj
j
+ δn,1〈τ−2〉0x−21 + δn,2
∞∑
l=0
〈τ−l−1τl〉0x−l−11 xl2
is the n-point function. Denote by C(∏ni=1 xdii , P (x1, . . . , xn)) the coefficient of∏n
i=1 x
di
i in a polynomial or a formal power series P (x1, . . . , xn). It is easy to see
from the definitions that for d1, . . . , dm ≥ 0, d1 + · · ·+ dm = g, we have
C(λ2gz2g−4+m
m∏
i=1
xdii , G(z, xI ;λ)G(−z, xJ ;λ))
=
∑
g1+g2=g
(−1)3g2−2+
P
i∈J (di−1)〈
∏
i∈I
τdi · τ3g1−2−Pi∈I (di−1)〉g1
·〈
∏
i∈J
τdi · τ3g2−2−Pi∈J (di−1)〉g2
= (−1)|J|{
∏
i∈I
τki |
∏
j∈J
τkj}g.
On the other hand, by [28, Theorem 3.2], for d1, . . . , dn ≥ 0,
∑n
i=1 di = 3g−2+n−k
one has
C(λ2gzk
n∏
j=1
x
dj
j , G(z, x1, . . . , xn;λ)) =
{
0, k > 2g − 2 + n,
1
4g ·Qn
j=1(2dj+1)!!
, k = 2g − 2 + n.
The proof is completed by applying this to G(z, xI ;λ) ·G(−z, xJ ;λ). 
Unfortunately we do not have a closed formula for the p > 0 case.
2.6. Potential function. Define the genus g equivariant orbifold Gromov-Witten
potential function by:
F [C
2/Zn]
g ({xi,k}0≤i≤n−1,k≥0;u)
=
∑
m≥1
1
m!
∑
0≤a1,...,am≤n−1P
j aj≡0 (mod n)
∑
P
j
kj=g+p
〈
m∏
j=1
τkj (e[[ωaj ]])〉[C
2/Zn]
g ·
m∏
j=1
xaj ,kj ·
∏
ai>0
uai ,
where xi,k (0 ≤ i ≤ n−1, k ≥ 0) and uj (1 ≤ j ≤ n−1) are formal variables. We un-
derstand {xi,k} as linear coordinates on H∗orb([C2/Zn]). The variables u1, . . . , un−1
are referred to as the degree tracking variables. We understand that u0 = 1. Then
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we have by §2.3:
F [C
2/Zn]
g ({xi,k}0≤i≤n−1,k≥0;u)
= tn2g−1
∑
m≥1
1
m!
∑
P
m
j=1 aj≡0 (mod n)
(−1)r1
∑
P
j
kj=g+p
( ∑
I
‘
J=[m]
Br1+r¯1(c(I)/n)
r1 + r¯1
·(−1)|J|{
∏
i∈I
τki |
∏
j∈J
τkj}g +
n−1∑
c=0
Br1+r¯1(c/n)
r1 + r¯1
[
∏
i∈[m]
τki ]
r1+r¯1−2
g−1
)
·
m∏
j=1
xaj ,kj ·
m∏
i=1
uai ,
modulo terms of the form
∏m
j=1 x0,kj .
Now we apply the results on intersection numbers in §2.4 and §2.5 to get the
following formula for the stationary part of the potential function (setting x0,k = 0
for k ≥ 0):
F [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u)
= tn2g−1
(∑
m≥1
1
m!
∑
1≤a1,...,am≤n−1P
m
j=1 aj≡0 (mod n)
(−1)r1
∑
P
j
kj=g
∑
I
‘
J=[m]
Br1+r¯1(c(I)/n)
r1 + r¯1
·(−1)|J| · 1
4g
∏m
j=1(2kj + 1)!!
·
m∏
j=1
xaj ,kj ·
m∏
i=1
uai
+
1
2
n−1∑
a=1
(−1)g
∑
P
j kj=g
n−1∑
c=0
B2g(c/n)
2g
· 1
4g−1
1∏
ki>0
(2ki − 1)!! · xa,k1xn−a,k2uaun−a
)
.
3. Crepant Resolution Conjecture for Type A Surface Singularities
in All Genera
In this section we perform the change of variables and analytic continuations to
the stationary potential functions F
[C2/Zn]
g . We will compare with results of Maulik
[30] to establish the CRC in all genera for the stationary potential functions.
3.1. Modified stationary potential function. To simplify the four-fold summa-
tion in the expression for the stationary potential function F
[C2/Z2]
g ({xi,k}1≤i≤n−1,k≥0;u),
we will first convert it to a seven-fold summation.
We first group the terms with c(I) = c to get a constrained summation
n−1∑
c=0
∑
c(I)=c
,
we then replace it by an equivalent arbitrary summation
∑n−1
c=0
1
n
∑n−1
l=0 ξ
lc
n ξ
l
P
i∈I ai
n .
We also replace the constrained summation∑
1≤a1,...,am≤n−1P
j aj≡0 (mod n)
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by an equivalent arbitrary summation
∑
1≤a1,...,am≤n−1
1
n
n−1∑
b=0
ξ
b
P
i
ai
n ,
now we get
F [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u)
= tn2g−1
(∑
m≥1
1
m!
∑
1≤a1,...,am≤n−1
1
n
n−1∑
b=0
ξ
b
P
i ai
n (−1)r1
∑
P
j
kj=g
∑
I
‘
J=[m]
n−1∑
c=0
1
n
n−1∑
l=0
ξlcn ξ
l
P
i∈I ai
n · B2g−2+m(c/n)
2g − 2 +m · (−1)
|J|
· 1
4g
∏m
j=1(2kj + 1)!!
·
m∏
j=1
(xaj ,kjuaj) + · · ·
)
.
Finally the summation over ki’s is constrained by the condition that
∑
i ki = g. To
convert to an arbitrary summation we introduce an extra genus tracking variable
z, and consider the modified stationary potential function:
F˜ [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u; z)
= tn2g−1
∑
m
1
m!
∑
1≤a1,...,am≤n−1
(−1)g−1+
P
i ai/n
1
n
n−1∑
b=0
ξ
b
P
i ai
n
∑
k1,...,km≥0
·
∑
I
‘
J=[m]
n−1∑
c=0
1
n
n−1∑
l=0
ξlcn ξ
l
P
i∈I ai
n
B2g−2+m(c/n)
2g − 2 +m (−1)
|J|
m∏
j=1
xaj ,kjz
kjuaj
4kj (2kj + 1)!!
,
whose coefficient of zg is equal to F
[C2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u), up to some qua-
dratic terms.
Now we take care of the seven summations in F˜
[C2/Zn]
g ({xi,k}0≤i≤n−1,k≥0;u; z),
in a suitable order. First we take the summation
∑
I
‘
J=[m]. Because
∑
I
‘
J=[m]
ξ
l
P
i∈I ai
n (−1)|J| =
m∏
j=1
(ξlajn − 1),
we have
F˜ [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u; z)
= (−1)g−1tn2g−3
n−1∑
b=0
n−1∑
l=0
∑
m
1
m!
∑
1≤a1,...,am≤n−1
∑
k1,...,km≥0
ξ
P
i ai
2n ξ
b
P
i ai
n
·
m∏
j=1
(ξlajn − 1) ·
m∏
j=1
xaj ,kjuajz
kj
4kj (2kj + 1)!!
n−1∑
c=0
ξlcn ·
B2g−2+m(c/n)
2g − 2 +m .
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Then we take the summations
∑
1≤a1,...,am≤n−1
∑
k1,...,km≥0 to get:
F˜ [C
2/Zn]
g ({xi,k}0≤i≤n−1,k≥0;u; z)
=(−1)g−1tn2g−3
n−1∑
b=0
n−1∑
l=1
∑
m
1
m!
( ∑
1≤a≤n−1
∑
k≥0
ξa2nξ
ba
n (ξ
la
n − 1) ·
xa,kuaz
k
4k(2k + 1)!!
)m
·
n−1∑
c=0
ξlcn ·
B2g−2+m(c/n)
2g − 2 +m .
(20)
3.2. Reformulation in terms of the polylogarithm function. In this subsec-
tion we take care of summations
∑n−1
c=0 . The result will not be used below but it
may have some independent interest. Recall Hurwitz zeta function is defined by:
(21) ζ(s, a) =
∞∑
n=0
1
(n+ a)s
.
It is well-known that
(22) ζ(−n, a) = −Bn+1(a)
n+ 1
.
The polylogarithm function is defined by:
(23) Lis(x) =
∞∑
n=1
xn
ns
.
Lemma 3.1. For 0 ≤ l ≤ n− 1,
(24)
n−1∑
a=0
ξaln ζ(s, a/n) = n
s · Lis(ξln).
Proof.
n−1∑
a=0
ξaln ζ(s, a/n) =
∞∑
m=1
1
ms
+
n−1∑
a=1
∞∑
m=0
ξaln
(m+ a/n)s
= ns
∞∑
m=1
1
(nm)s
+ ns
n−1∑
a=1
∞∑
m=0
ξaln
(nm+ a)s
= ns
∞∑
m=1
ξmln
ms
= ns · Lis(ξln).

Combining (20), (22) and (24) we get:
Proposition 3.1. For n ≥ 2 the following identity holds:
F˜ [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u; z)
=(−1)gt
n−1∑
b=0
n−1∑
l=1
∑
m
1
m!
( ∑
0≤a≤n−1
∑
k≥0
ξa2nξ
ba
n (ξ
la
n − 1) ·
xa,kuaz
k
4k(2k + 1)!!
)m
· n−m · Li−(2g−3+m)(ξln).
(25)
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3.3. Change of variables. When G = Zn, the change of variables given by Bryan-
Graber [8] is:
q1 = · · · = qn−1 = ξn,
yj =
i
n
n−1∑
k=1
√
2− 2 cos 2kpi
n
ξjkn xk =
2i
n
n−1∑
k=1
sin
kpi
n
· ξjkn xk.
Here q1, . . . , qn are degree tracking variables for the minimal resolution of C
2/Zn,
and they have set all the degree tracking variables on [C2/Zn] side to be 1. In the
above we have considered the degree tracking variables in our partition function,
so we will take instead:
yj =
2i
n
n−1∑
k=1
sin
kpi
n
· ξjkn xkuk.
Lemma 3.2. For a = 1, . . . , n− 1 we have
(26) xaua = − i
2 sin apin
n−1∑
j=1
(ξ−ajn − 1)yj .
Proof. First notice that
n−1∑
j=1
ξ−jln yj =
n−1∑
j=1
ξ−jln
2i
n
n−1∑
k=1
sin
kpi
n
· ξjkn xkuk =
2i
n
n−1∑
k=1
sin
kpi
n
· (−1 + nδkl)xkuk.
It is more transparent when written in matrix form:


ξ−1n ξ
−2
n · · · ξ−(n−1)n
ξ−2n ξ
−2·2
n · · · ξ−2(n−1)n
...
...
...
ξ
−(n−1)
n ξ
−(n−1)2
n · · · ξ−(n−1)
2
n

 ·


y1
y2
...
yn−1


=
2i
n


n− 1 −1 · · · −1
−1 n− 1 · · · −1
...
...
...
−1 −1 · · · n− 1

 ·


sin pin · x1u1
sin 2pin · x2u2
...
sin (n−1)pin · xn−1un−1

 .
Notice that


n− 1 −1 · · · −1
−1 n− 1 · · · −1
...
...
...
−1 −1 · · · n− 1


−1
=
1
n


2 1 · · · 1
1 2 · · · 1
...
...
...
1 1 · · · 2

 ,
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and


2 1 · · · 1
1 2 · · · 1
...
...
...
1 1 · · · 2

 ·


ξ−1n ξ
−2
n · · · ξ−(n−1)n
ξ−2n ξ
−2·2
n · · · ξ−2(n−1)n
...
...
...
ξ
−(n−1)
n ξ
−(n−1)2
n · · · ξ−(n−1)
2
n


=


ξ−1n − 1 ξ−2n − 1 · · · ξ−(n−1)n − 1
ξ−2n − 1 ξ−2·2n − 1 · · · ξ−2(n−1)n − 1
...
...
...
ξ
−(n−1)
n − 1 ξ−(n−1)2n − 1 · · · ξ−(n−1)
2
n − 1


Now it is straightforward to get (26). 
3.4. A summation formula. We now take care of the summation
∑n−1
a=0 in (20).
Lemma 3.3. For 0 ≤ b ≤ n− 1, 1 ≤ l ≤ n− 1, we have
(27)
n−1∑
k=1
ξbkn ξ
k
2n(ξ
kl
n − 1)xkuk =
{
nyb+1→b+l, b+ l < n,
−nyb+l−n+1→b, b+ l ≥ n,
where for 1 ≤ s ≤ t ≤ n− 1, we define
ys→t = ys + · · ·+ yt.
Proof. By (26),
n−1∑
k=1
ξbkn ξ
k
2n(ξ
kl
n − 1)xkuk = −
n−1∑
k=1
ξbkn ξ
k
2n(ξ
kl
n − 1)
i
2 sin kpin
n−1∑
j=1
(ξ−jkn − 1)yj
= −
n−1∑
j=1
K(b, l, j)yj,
where
K(b, l, j) =
n−1∑
k=1
ξbkn ξ
k
2n(ξ
kl
n − 1)
i
2 sin kpin
(ξ−jkn − 1).
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For a ∈ Z, let rn(a) be the integer such that 0 ≤ rn(a) < n and rn(a) ≡ a (mod n).
K(b, l, j) =
n−1∑
k=1
ξbkn ξ
k
2n(ξ
kl
n − 1)
−1
ξk2n − ξ−k2n
(ξ−jkn − 1)
= −
n−1∑
k=1
ξbkn ξ
k
n(ξ
kl
n − 1)
1
ξkn − 1
(ξ−jkn − 1)
= −
n−1∑
k=1
ξbkn ξ
k
n
l−1∑
c=0
ξckn (ξ
−jk
n − 1)
= −
l−1∑
c=0
n−1∑
k=0
ξ(b+c−j+1)kn +
l−1∑
c=0
n−1∑
k=0
ξ(b+c+1)kn
= −n
l−1∑
c=0
δc,rn(j−b−1) + n
l−1∑
c=0
δc,n−b−1.
It is then easy to see that when n− b − 1 > l − 1, i.e., b+ l < n,
K(b, l, j) =
{
−n, b+ 1 ≤ j ≤ l + b,
0, otherwise;
when n− b− 1 ≤ l − 1, i.e. b+ l ≥ n,
K(b, l, j) =
{
n, b+ l − n+ 1 ≤ j ≤ b,
0, otherwise.

3.5. Crepant Resolution Conjecture for type A surface singularities in all
genera. For k ≥ 0 and 1 ≤ a ≤ n− 1, define
ya,k =
2i
n
n−1∑
b=1
sin
bpi
n
· ξabn xb,kub.
For k ≥ 0, 1 ≤ s ≤ t ≤ n− 1, define
ys→t,k =
t∑
a=s
ya,k.
Theorem 3.1. Up to polynomial terms of degree ≤ 3 in ya,k, the modified potential
function F˜
[C2/Zn]
g ({x1,k, . . . , xn−1,k}k≥0;u; z) is equal to
(−1)g2t
∞∑
d=1
d2g−3
∑
1≤s≤t≤n−1
(
ξt−s+1n exp
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
))d
= (−1)g2t
∑
1≤s≤t≤n−1
Li3−2g
(
ξt−s+1n exp
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
))
after analytic continuations.
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Proof. Combining (20) with Lemma 3.3 one gets:
F˜ [C
2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u; z)
= (−1)g−1tn2g−3
∑
m≥0
( ∑
0≤b≤n−1,1≤l≤n−1
b+l<n
(
n
∑
k≥0
yb+1→b+l,k
zk
4k · (2k + 1)!!
)m
+
∑
0≤b≤n−1,1≤l≤n−1
b+l>n
(− n∑
k≥0
yb+l−n+1→b,k
zk
4k · (2k + 1)!!
)m)
·
n−1∑
c=0
ξlcn
B2g−2+m(c/n)
(2g − 2 +m) ·m!
= (−1)g−12t
∑
m
n2g−3+m
∑
1≤s≤t≤n−1
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
)m
·
n−1∑
c=0
ξc(t−s+1)n
B2g−2+m(c/n)
(2g − 2 +m) ·m! ,
where in the second equality we have used:
(28) Bn(1− x) = (−1)nBn(x).
On the other hand, for 0 < l < n and u < 0,
1 +
∞∑
d=1
(ξlne
u)d =
1
1− ξlneu
= −
∑n−1
c=0 ξ
lc
n e
cu
enu − 1 = −
n−1∑
c=0
ξlcn
∞∑
k=1
Bk(c/n)
k!
(nu)k−1.
Integrating three times:
(29) u+
∞∑
d=1
(ξlne
u)d
d
− Li1(ξln) = −
n−1∑
c=0
ξlcn
∞∑
m=1
Bm(c/n)
m ·m! n
m−1um,
u2
2
+
∞∑
d=1
(ξlne
u)d
d2
− Li2(ξln)− Li1(ξln)u = −
n−1∑
c=0
ξlcn
∞∑
m=2
Bm−1(c/n)
(m− 1) ·m!n
m−2um,
u3
6
+
∞∑
d=1
(ξlne
u)d
d3
− Li3(ξln)− Li2(ξln)u −
1
2
Li1(ξ
l
n)u
2
=−
n−1∑
c=0
ξlcn
∞∑
m=3
Bm−2(c/n)
(m− 2) ·m!n
m−3um.
(30)
Also, by differentiating 2g − 3 (for g > 1) times:
(31)
∞∑
d=1
d2g−3(ξlne
u)d = −
n−1∑
c=0
ξlcn
∞∑
m=0
B2g−2+m(c/n)
(2g − 2 +m) ·m!n
2g−3+mum.
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Therefore up to polynomial terms of degree ≤ 3, F˜ [C2/Zn]g ({xi,k}1≤i≤n−1,k≥0;u; z)
is equal to
(−1)g2t
∞∑
d=1
d2g−3
∑
1≤s≤t≤n−1
(
ξt−s+1n exp
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
))d
= (−1)g2t
∑
1≤s≤t≤n−1
Li3−2g
(
ξt−s+1n exp
(∑
k≥0
ys→t,k
zk
4k · (2k + 1)!!
))
after analytic continuations. This completes the proof. 
Hence by taking the coefficient of zg we get:
Theorem 3.2. Up to polynomial terms of degree ≤ 3 in ya,k, the stationary po-
tential function F
[C2/Zn]
g ({xi,k}1≤i≤n−1,k≥0;u) of the equivariant orbifold Gromov-
Witten invariants of [C2/Zn] is equal to
(−1)g2t
∞∑
d=1
d2g−3
∑
1≤s≤t≤n−1
ξ(t−s+1)dn
∑
P
k≥0 kmk=g
∏
k≥0
dmkymks→t,k
mk!4kmk · [(2k + 1)!!]mk
after analytic continuations, where ys→t,k =
∑t
a=s ya,k.
Denote by pi : Ĉ2/Zn → C2/Zn the minimal resolution of C2/Zn. Let E1, . . . ,
En−1 be the exceptional divisors. Let (gij) = (Ei · Ej) be the intersection matrix,
and let (gij) be the inverse matrix of (gij). Then {Ci = gijEj : i = 1, . . . , n− 1} is
the dual basis to the basis E1, . . . , En−1. By [20], for each nontrivial representation
Vi of Zn on which ξn acts as multiplication by e
2pii
√−1/n, there is a holomorphic line
bundle Li on Ĉ2/Zn whose first Chern class is C
i. One can use virtual localization
to define the Gromov-Witten invariants of Ĉ2/Zn. By [30, Theorem 1.1], for curve
classes of the form β = d(Ea + Ei+1 + · · · + Eb), 1 ≤ a ≤ b ≤ n − 1, and consider
integers a ≤ l1, . . . , lm ≤ b and k1, . . . , km ≥ 0 such that k1 + · · ·+ km = g,
〈
m∏
i=1
τki(C
li)〉Ĉ2/Zng,β = (−1)g2td2g−3+m
m∏
i=1
1
4ki(2ki + 1)!!
.
Other correlators vanish. Therefore, the instanton part of stationary partition
function of Ĉ2/Zn is
∑
m
1
m!
∑
β∈H2(Ĉ2/Zn;Z)−{0}
∑
P
m
i=1 ki=g
n−1∑
l1,...,lm=1
〈
m∏
i=1
τki(C
li)〉Ĉ2/Zng,β qβ
m∏
i=1
yli,ki
=
∑
m
1
m!
∞∑
d=1
∑
1≤a≤b≤n−1
∑
k1+···+km=g
∑
a≤l1,...,lm≤b
(−1)g2td2g−3+m
·
m∏
i=1
1
4ki(2ki + 1)!!
·
b∏
i=a
qdi ·
m∏
i=1
yli,ki
= (−1)g2t ·
∞∑
d=1
d2g−3
∑
1≤a≤b≤n−1
b∏
i=a
qdi
∑
P
k≥0 kmk=g
∏
k≥0
dmkymka→t,b
mk!4kmk · [(2k + 1)!!]mk .
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Hence we have established the Crepant Resolution Conjecture in all genera for type
A resolutions for the stationary part of the partition functions, because one now
only has to take qi = e
2pi
√−1/n.
4. Crepant Resolution Conjecture for [C2/Zn]× C
In this section we establish a version of the Crepant Resolution Conjecture for
[C2/Zn]× C in all genera.
4.1. The equivariant Gromov-Witten invariants of [C2/Zn]× C.
4.1.1. The circle actions on [C2/Zn] × C. Fix an integer a ∈ Z, consider the fol-
lowing circle action C3:
(32) eiθ · (z1, z2, z3) = (eiaθz1, e−i(a+1)θz2, eiθz3).
This action commutes with the following Zn-action:
ξn · (z1, z2, z3) = (ξn · z1, ξ−1n · z2, z3).
Hence we get an induced circle action on the orbifold [C2/Zn]× C. Note both the
circle action and the Zn-action preserve the holomorphic volume form dz1∧dz2∧dz3
on C3.
4.1.2. Definition of the equivariant Gromov-Witten invariants. As in the [C2/Zn]
case, one can define the Gromov-Witten invariants of [C2/Zn] × C equivariantly
using the above circle actions and virtual localizations. It is straightforward to see
that the equivariant correlators are given by
〈
m∏
j=1
τ0(e[[ωaj ]])〉[C
2/Zn]×C
g =
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
1
t
ct(F
1
0)cat(F
1
1)c−(a+1)t(F
1
−1),
where F10 is the vector bundle whose fiber at a twisted stable map f : Σ→ BZn is
H1(Σ, f∗V0), where V0 is the trivial representation of Zn.
Lemma 4.1. One has
1
t
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
ct(F0)cat(F1)c−(a+1)t(F−1)
= (−1)
P
i
ai/n−1(2g − 3 +m)!
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0 · ch2g−3+m(F1),
where λj,0 = (−1)jcj(F0).
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Proof. By (11) we have
1
t
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
ct(F0)cat(F1)c−(a+1)t(F−1)
=
1
t
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
(tg + tg−1c1(F0) + · · ·+ cg(F0))
·((at)r1 + (at)r1−1c1(F1) + · · ·+ cr1(F1)
·([−(a+ 1)t]r¯1 + [−(a+ 1)t]r¯1−1c1(F−1) + · · ·+ cr¯1(F−1))
=
1
t
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
(tg + tg−1c1(F0) + · · ·+ cg(F0))
·(−t)(−1)(g−1+
P
i ai/n)−1((2g − 3 +m)! ch2g−3+m(F1) + · · · )
= (−1)
P
i ai/n−1(2g − 3 +m)!
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0 · ch2g−3+m(F1).

Proposition 4.1. For m ≥ 2 and g ≥ 0, we have∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0 ch2g−3+m(F1)
=− 1
2
n2g−2kg
n−1∑
l=0
m∏
i=1
(ξailn − 1) ·
n−1∑
a=0
ξaln
B2g−2+m(a/n)
(2g − 2 +m)! ,
(33)
where
(34) kg =
∑
g1+g2=g
bg1bg2 ,
∑
g≥0
bgλ
2g =
∑
g≥0
λ2g
∫
Mg,1
λgψ
2g−2
1 =
λ/2
sin(λ/2)
.
Proof. By Tseng’s GRR relations for Hurwitz-Hodge integrals [37]:∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0 ch2g−3+m(F1)
= − B2g−2+m
(2g − 2 +m)!
∫
Mg,m+1(BZn;[[ωa1 ]],...,[[ωam ]],[[1]])
λg,0ψ¯
2g−2+m
m+1
+
m∑
i=1
B2g−2+m(ai/n)
(2g − 2 +m)!
∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0ψ¯
2g−3+m
i
− 1
2
∑
I
‘
J=[m]
g1+g2=g
′B2g−2+m(c(aI)/n)
(2g − 2 +m)!
·
r1+r¯1−2∑
l=0
(−1)l
∫
Mg1,Pk jk+1(BZn;
‘
i∈I [[ω]]
ai ,[[ω−
P
i∈I ai ]])
λg1,0ψ¯
r1+r¯1−2−l
|I|+1
·n ·
∫
Mg2,|J|+1(BZn;
‘
j∈J [[ω
aj ]],[[ω−
P
j∈J aj ]])
λg2,0ψ¯
l
|J|+1.
Here the prime sign in the summation
∑′
I
‘
J=[m]
g1+g2=g
in the third term on the right-
hand side means the following stability conditions are satisfied:
2g1 − 1 + |I| > 0, 2g2 − 1 + |J | > 0.
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Our convention is that λ0,0 = 1. Now we use the morphism
ϕ :Mg1,|J|+1(BZn;
∐
i∈J
[[ωai ]], [[ω−
P
i∈J ai ]])→Mg,P
i
mi+1
that forgets the orbifold structure. Because λg1,0 = ϕ
∗λg1 , ψ¯Pi ji+1 = ϕ
∗ψP
i ji+1
and ϕ is of degree n2g1−1, we have for 2g2 − 2 + |J | > 0:
∫
Mg2,|J|+1(BZn;
‘
i∈J [[ω
ai ]],[[ω−
P
i∈J ai ]])
λg2,0ψ¯
l
|J|+1
= n2g2−1δl,2g2−2+|J|
∫
Mg2,|J|+1
λg2ψ
2g2−2+|J|
|J|+1
= n2g2−1δl,2g2−2+|J|bg2 .
For 2g2 − 2 + |J | ≤ 0, we have used the conventions (17) and (18) to understand
the following two cases:∫
Mg2,|J|+1(BZn;
Q
i∈J [[ω
ai ]],[[ω−
P
i∈J ai ]])
λg2,0ψ¯
l
|J|+1
=
{
δl,−2, g2 = 0, J = ∅,
−δl,−1, g2 = 0, |J | = 1.
Therefore, one finds∫
Mg,m(BZn;[[ωa1 ]],...,[[ωam ]])
λg,0 chr1+r¯1−1(F1)
= −1
2
n2g−1
∑
I
‘
J
∑
g1+g2=g
(−1)|J|B2g−2+m(c(aI)/n)
(2g − 2 +m)! bg1bg2
= −kg
2
n2g−1
∑
I
‘
J
(−1)|J|B2g−2+m(c(aI)/n)
(2g − 2 +m)!
= −1
2
n2g−2kg
n−1∑
l=0
m∏
i=1
(ξailn − 1) ·
n−1∑
c=0
ξlcn
B2g−2+m(c/n)
(2g − 2 +m)! .

4.2. Crepant Resolution Conjecture for [C2/Zn] × C. Define the instanton
part of genus g equivariant orbifold Gromov-Witten potential function by:
F [C
2/Zn]×C
g (u1, . . . , un−1)
=
∑
m≥1
1
m!
∑
1≤a1,...,am≤n−1P
j
aj≡0 (mod n)
〈
m∏
j=1
τ0(e[[ωaj ]])〉[C
2/Zn]×C
g ·
m∏
j=1
uaj .
Define
F [C
2/Zn]×C(λ;u1, . . . , un−1) =
∑
g≥0
λ2g−2F [C
2/Zn]×C
g (u1, . . . , un−1).
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Theorem 4.1. Up to polynomial terms of degree ≤ 3 in u1, . . . , un−1, we have
(35) F [C
2/Zn]×C(λ;u1, . . . , un−1) =
∑
d≥1
1
4d sin2(dλ/2)
∑
1≤s≤t≤n−1
(
ξt−s+1n e
vs→t
)d
,
where
vs→t =
t∑
a=s
va, vj =
i
n
n−1∑
k=1
√
2− 2 cos 2kpi
n
ξjkn uk.
Proof. By Lemma 4.1 and Proposition 4.1, we have
F [C
2/Zn]×C
g (u1, . . . , un−1)
=
1
2
n2g−2kg
∑
m≥1
1
m!
∑
1≤a1,...,am≤n−1P
m
i=1 ai≡0 (mod n)
(−1)
P
i ai/n
n−1∑
l=1
m∏
i=1
[(ξailn − 1)uai ]
·
n−1∑
c=0
ξlcn
B2g−2+m(c/n)
2g − 2 +m
=
1
2
n2g−3kg
∑
m≥1
1
m!
n−1∑
a1,...,am=1
n−1∑
b=0
ξ
b
P
i
ai
n ξ
P
i
ai
2n
n−1∑
l=1
m∏
i=1
[(ξailn − 1)uai ]
·
n−1∑
c=0
ξlcn
B2g−2+m(c/n)
2g − 2 +m
=
1
2
n2g−3kg
n−1∑
b=0
n−1∑
l=1
∑
m≥1
1
m!
( ∑
1≤a≤n−1
ξa2nξ
ba
n (ξ
la
n − 1)ua
)m
·
n−1∑
c=0
ξlcn ·
B2g−2+m(c/n)
2g − 2 +m .
By Lemma 3.3,
F [C
2/Zn]×C
g (u1, . . . , un−1)
=
1
2
n2g−3kg
∑
m≥1
( ∑
0≤b≤n−1,1≤l≤n−1
b+l<n
(
nvb+1→b+l
)m
+
∑
0≤b≤n−1,1≤l≤n−1
b+l>n
(− nvb+l−n+1→b)m
)
·
n−1∑
c=0
ξlcn
B2g−2+m(c/n)
(2g − 2 +m) ·m!
= kg
∑
m≥1
n2g−3+m
∑
1≤s≤t≤n−1
vms→t ·
n−1∑
c=0
ξc(t−s+1)n
B2g−2+m(c/n)
(2g − 2 +m) ·m! ,
Therefore, by (29), (30), (31), up to polynomials terms of degree ≤ 3, the potential
function F
[C2/Zn]×C
g (u1, . . . , un−1) is equal to
kg
∞∑
d=1
d2g−3
∑
1≤s≤t≤n−1
(
ξt−s+1n e
vs→t
)d
after analytic continuations. The proof is completed by (34). 
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The potential function of Ĉ2/Zn×C can be defined and computed also by virtual
localization. For β = d1E1 + · · ·+ dn−1En−1 6= 0,
〈1〉Ĉ2/Zn×Cg,β =
∫
Mg,0(Ĉ2/Zn×C;β)virtT
1.
Introduce degree tracking variable Q1, . . . , Qn−1. We define
F Ĉ
2/Zn×C
g (Q1, . . . , Qn−1) =
∑
β 6=0
〈1〉Ĉ2/Zn×Cg,β Qβ ,
where for β = d1E1 + · · ·+ dn−1En−1, Qβ = Qd11 · · ·Qdn−1n−1 . Define
F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1) =
∑
g≥0
λ2g−2F Ĉ
2/Zn×C
g (Q1, . . . , Qn−1),
where λ is the genus tracking variable.
Theorem 4.2. We have
(36) F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1) =
∑
1≤a≤b≤n−1
∞∑
d=1
∏b
k=aQ
d
k
d
1
4 sin2(dλ/2)
.
Proof. The circle action (32) induces a circle action on Ĉ2/Zn×C, with fixed points
p1, . . . , pn. The tangents weights at pi are (na+i−1)t, −(na+i)t, and t. By virtual
localization one encounters two-partition Hodge integrals which have been studied
in [39, 27]. By the method of [40], we get the following expression for the potential
function:
F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1) = log
∑
µ1,...,µn−1
n∏
i=1
(Wµi−1,µi(q)q−κµiQ|µ
i|
i ),
where µ0 = µn = ∅, q = e
√−1λ. See notations see [40]. One can rewrite this as in
[41] by Schur calculus. Indeed, we have [39]:
(37) Wµ,ν(q) = (−1)|µ|+|ν|q(κµ+κν)/2
∑
η
sµ/η(q
−ρ) · sν/η(q−ρ),
where q−ρ = (q1/2, q3/2, . . . ). Hence
F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1)
= log
∑
µ1,...,µn−1
∑
η1,...,ηn−2
n−1∏
i=1
sµi/ηi−1(q
−ρ)Q|µ
i|
i sµi/ηi(q
−ρ).
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Therefore, by [41, Lemma 3.1],
F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1)
= log
∏
1≤a≤b≤n−1
∞∏
i,j=1
(1−
b∏
k=a
Qk · qi+j−1)
= −
∑
1≤a≤b≤n−1
∞∑
d=1
∏b
k=aQ
d
k
d
∞∑
m=1
mqmd
= −
∑
1≤a≤b≤n−1
∞∑
d=1
∏b
k=aQ
d
k
d
qd
(1 − qd)2
=
∑
1≤a≤b≤n−1
∞∑
d=1
∏b
k=aQ
d
k
d
1
4 sin2(dλ/2)
.

By combining the above two Theorems, we get
Theorem 4.3. Up to polynomial terms of degree ≤ 3 in u1, . . . , un−1, we have
(38) F [C
2/Zn]×C(λ;u1, . . . , un−1) = F Ĉ
2/Zn×C(λ;Q1, . . . , Qn−1)
after analytic continuation, where
Qj = ξne
vj , vj =
√−1
n
n−1∑
k=1
√
2− 2 cos 2kpi
n
ξjkn uk.
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